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Abstract. Let X and Y be smooth varieties of dimensions n—1 and n 
over an arbitrary algebraically closed field, /: X — > V a finite map that 
is birational onto its image. Suppose that / is curvilinear; that is, for 
all X G X, the Jacobian df{x) has rank at least n — 2. For r > 1, consider 
the subscheme A''^ of Y defined by the (r — l)-th Fitting ideal of the 
Oy-module f^:Ox, and set Mr ■= f^^Nr- In this setting — in fact, in 
a more general setting — we prove the following statements, which show 
that Mr and Nr behave like reasonable schemes of source and target 
r-fold points of /. 

If each component of Mr, or equivalently of Nr, has the minimal 
possible dimension n — r, then Mr and Nr are Cohen-Macaulay, and 
their fundamental cycles satisfy the relation, f^,[Mr] = r[Nr]. Now, 
suppose that each component of Ms, or of Ns, has dimension n — s 
for s = 1, . . . ,r + 1. Then the blowup ^\{Nr, Nr-\-i) is equal to the 
Hilbert scheme Hilb^ and the blowup B1(M,., Mr+i) is equal to the 
universal subscheme Univ^ of Hilb^ XyX; moreover, Hilb^ and Univ^ 
are Gorenstein. In addition, the structure map h: Hilb^ ^ y is finite 
and birational onto its image; and its conductor is equal to the ideal J7r 
of Nr-\-i in Nr, and is locally self-linked. Reciprocally, /i^Cfjilb^. is equal 

lo nom{Jr,ONr)- Moreover, K[h-^Nr+i\ = {r + l)[Nr+i\. Similar 
assertions hold for the structure map h\: Univ^ — > A if r > 2. 

1. Introduction 

(1.1) Overview. Consider a finite map f:X—*Y. In the theory of 
singularities of /, a leading role is played by the loci of source and 
target r-fold points, Mr = Mr{f) and A^^ = Nr{f). They are simple 
sets: Mr is just the preimage f~^Nr, and Nr consists of the (geometric) 
points y of y whose fiber f~^y contains a subscheme of degree r (or 
length r). However, Mr and Nr support more refined structures, which 
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reflect the multiplicities of appearance of their points. First of all, they 
support natural positive cycles, whose classes are given, under suitable 
hypotheses, by certain multiple-point formulas, which are polynomial 
expressions in the Chern classes of /. In fact, there are two different, 
but related, derivations of these formulas: one is based on iteration [19]; 
the other, on the Hilbert scheme [20]. In this paper, we use the method 
of iteration to derive results about Mr from corresponding results proved 
about Nr, to prove results about the Hilbert scheme Hilbj (of degree r- 
subschemes of the fibers of /) , and to derive corresponding results about 
the universal subscheme Univ^ of Hilb^ XyX. 

Secondly, Mj. and A^^ support natural scheme structures: A^^ is the 
closed subscheme of Y defined by the Fitting ideal Jltt^_i{f^Ox), and 
Mr is the closed subscheme f~^Nr of X. Under suitable hypotheses, 
which will be introduced in Article (1.3) below and developed in detail 
in Sections 2 and 3, these subschemes have many lovely and desirable 
properties. Work on this matter was carried out by Gruson and Peskine 
[12] in 1981 and by Mond and Pellikaan [29] in 1988. (Beware: Mond 
and Pellikaan' s Mr is our A^^; moreover, neither they nor Gruson and 
Peskine really studied our Mr.) In this paper, we aim to carry their 
work further. In Section 3, we establish some basic properties of the 
schemes Mr and Nr, and we prove a relation between their fundamental 
cycles. In Section 4, we relate Mr and Nr to Hilb^ and Univ^ using 
some technical commutative algebra developed in Section 5, the final 
section. 

In Section 3, under suitable hypotheses, we prove, that Mr and A^^ 
are 'perfect' subschemes, and that their fundamental cycles satisfy the 
basic relation, 

MMr] = r[Nr]; (1.1.1) 

see Theorems (3.5) and (3.11). Intuitively, this relation says that a 
general point of A^,- has exactly r preimages. However, the relation 
takes into account the multiplicity of the point as an r-fold point. In 
other words, the Fitting ideal gives the "right" nilpotent structure to 
the schemes Mr and A^^,. Of course, off A^r+i, the map Mr Nr is 
finite and flat of degree r by a standard property of the Fitting ideal. 
The subtlety appears when some component of Nr is also a component 
oiNr+i. 

For example, under suitable hypotheses. Proposition (3.4) says that 
Ni is equal to the scheme-theoretic image of /, and that A'2 is deflned 
in A^i by the conductor of f^Ox into O^^- Therefore, with r = 2, Re- 
lation (1.1.1) recovers the following celebrated result (proved in various 
forms around 1950 by Apery, by Gorenstein, by Kodaira, by Rosenlicht, 
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and by Samuel): given the local ring of a (closed) point of a curve on 
a smooth surface, the colength of the conductor in the normalization is 
equal to twice the colength of the conductor in the given ring; here X 
is the normalized curve and Y is the smooth surface. However, even 
with r = 2, Relation (1.1.1) is more general than that. For instance, 
it is valid for the birational projection into the plane of any reduced 
projective curve. Furthermore, it yields the equation deg M2 = 2 deg A^2 
proved indirectly by J. Roberts [31, 2nd par. p. 254] in the case of the bi- 
rational projection of a smooth projective variety of arbitrary dimension 
onto a hypersurface. 

In Section 4, under suitable hypotheses, we study the Hilbert scheme 
and the universal subscheme. Notably, we prove Theorem (4.2), which 
asserts that the structure maps, 

h: Hilb^ ^ Y and /ii: Univ^ ^ X, 

have a number of desirable properties; also, h~^Nr+i is a divisor, and 

Kih-^Nr+i] = (r + l)[Nr+ii (1.1.2) 

and similar assertions are valid for hi and M^+i- We also prove Theo- 
rem (4.3), which asserts the equations, 

Hilb^ = B\{Nr, Nr+i) and Univ^^ = B1(M^, M^+i). (1.1.3) 

The first equation is obvious off A^r+i; indeed, Hilb^ is equal to A^^ 
off Nr+i, because is finite and flat of degree r there. However, 

it is not obvious, a priori, even that h~^Nr+i is a divisor. 

Theorem (4.4) asserts that the ideal JT^ of A^r+i in -^r and the direct 
image /i*CHiibj ^ire reciprocal fractional ideals; that is, the pairing by 
multiplication, 

Jr X /i*OHilbJ On^, 

is well defined and perfect; in particular, is the conductor of /i*CHiib^ 
in On^. In addition, Jr is locally a self-linked ideal of On^. Furthermore, 
if r > 2, then similar assertions hold for hi. These results about h and hi 
require the development of a lot of supporting commutative algebra; 
some of it is developed at the end of Section 4, and the rest, including 
a generalization of Huneke's theory of strong Cohen-Macaulayness, is 
developed in Section 5. 

Intuitively, the first equation of (1.1.3) says that when Nj. is blown 
up along Nr+i, then the (r + l)-fold points of / on y are resolved into 
their constituent r-fold points. Equation (1.1.2) says that the number 
of constituents is r -|- 1, just as there should be since there are r + 1 
different ways in which a group of r points can be chosen from a group 
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of r + 1 points. Similar statements hold for the r-fold points of / on X. 
Moreover, the second equation of (1.1.3) formally implies the equation, 

[Mr] = /ii*[Umv}], 

which says that [Mr] is equal to the cycle whose class is given by the 
refined r-fold-point formula of [20, (1.18), p. 107]. Furthermore, the first 
equation of (1.1.3) implies that the r-fold-point formula is valid when Ng 
has codimension s for s = 1, . . . , r (assuming the usual hypotheses on / 
and Y in addition). Thus the present paper clarifies the enumerative 
significance of the refined r-fold-point formula. 

(1.2) Applications. The theory in this paper applies, for example, to 
the enumeration of the secant curves of a given space curve C. Indeed, 
Gruson and Peskine [12] made their development of the theory to give 
modern derivations of the nineteenth century formulas for the degree 
and genus of the curve of trisecant lines of C, and for the number of 
quadrisecant lines. They used the following setup: Y is the Grassman- 
nian of lines; X is the incidence variety of pairs (P, L) where P is a 
point of C, and L is a line through P; and f:X^Yis the projec- 
tion. Then Nr is the scheme of r-secant lines. So the degree of A^4 is 
the number of quadrisecants, and it is given by a formula of Cayley's. 
To obtain this formula, Gruson and Peskine used the Grothendieck- 
Riemann-Roch theorem and Porteous's formula; however, instead, it's 
possible to use the 4-fold-point formula. 

Similarly, by using a stationary multiple-point formula, CoUey [8, 5.8, 
p. 62] recovered Salmon's formula for the number of reincident tangent 
lines of C. In much the same way, S. Katz [18, 2.5, p. 151] recovered 
Severi's formula for the number of 8-sccant conies to C: he worked out 
the 8- fold-point formula for the map f: X Y, where Y is the variety 
of conies in space, and where X is the incidence variety of pairs (P, L) 
where P is a point of C and L is a conic through P. Later, Johnsen [17] 
established the enumerative significance of Severi's formula for curves C 
of two types: (1) complete intersections of general pairs of surfaces, each 
of degree at least 15, and (2) general rational curves of degree at least 15. 
He did so by using Gruson and Peskine's local analysis as a model to 
show that in each case Nr has codimension r for all r; then he referred 
to a preliminary version of the present paper, and quoted the discussion 
given at the end of Article (1.1) above to complete the proof. 

Gruson and Peskine obtained the geometric genus of Ns as follows 
[12, Thm. 3.6, p. 25]: first they found its arithmetic genus; then they de- 
termined that, under blowing-up along A4, the arithmetic genus drops 
by the amount of 3degA^4; and finally they proved a necessary and suf- 
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ficient geometric condition for this bfowup to be smooth. To determine 
the amount of the drop in the genus, they proved an abstract algebraic 
result [12, 2.6, p. 13] and a related geometric result [12, 2.7, p. 14]. The 
former applied, a priori, to a certain modification of A^3, and the lat- 
ter result identified this modification as the blowup of N3 along A^4. 
Now, this blowup is equal to Hilbj by (1.1.3). Correspondingly, their 
algebraic result, which they proved for an arbitrary r, becomes simply 
Equation (1.1.2). Thus we recover their result. In fact, we derive (1.1.2) 
from (1.1.1) by induction on r. Initially, the two results coincide as 
Hilb} = X and /i = /; more precisely, (1.1.2) with r — 1 coincides 
with (1.1.1) with r = 2. Gruson and Peskine [12, p. 13] themselves ob- 
served that, when r = 1, they had recovered the old result about the 
colength of the conductor of a curve on a smooth surface. Thus (1.1.2) 
and (1.1.1) may be viewed as different generalizations of this old result. 

It is of some importance to determine how Mr and Nr vary in a fam- 
ily. Of course, since they are defined by the (r — l)-th Fitting ideal of 
the Cy-module f^Ox, their formations commute with base change. So 
the problem is to find conditions guaranteeing that these schemes arc 
fiat when X and Y are fiat over a given parameter space. Mond and 
Pellikaan devoted much of their paper [29] to the issue; they consid- 
ered only N^i but the situation is similar for M^. Assuming that the 
parameter space is smooth, they noted [29, top p. 113] that Nr is flat 
if it is Cohen-Macaulay and its fibers are equidimensional of constant 
dimension. Although Nr is defined by a Fitting ideal, the expected codi- 
mension r of Nr is not the "generic" value for that Fitting ideal. So a 
portion of [29] is devoted to re-expressing the ideal of AT^, locally, as the 
zeroth Fitting ideal of a suitable Cy-module under suitable hypotheses; 
see (1.3.1). Then they could conclude that A^^ is Cohen-Macaulay. 

Similarly, we prove Theorem (3.5) below by re-expressing the ideal 
of Nr as a zeroth Fitting ideal; this theorem asserts, in particular, that 
Nr is perfect of grade r. We derive the corresponding result for Mr 
from this result for Nr in Theorem (3.11). These results yield the flat- 
ness of Mr and Nr, by virtue of the local criterion, without any special 
assumptions on the parameter space. 

(1.3) Hypotheses. In this paper, we work with a flnite map /: X —> y 
of arbitrary locally Noetherian schemes (whereas Gruson and Pesk- 
ine [12] worked with algebraic varieties, and Mond and Pellikaan [29] 
worked with complex analytic spaces, although much in their papers 
generalizes with little or no change). Thus our results apply not only 
to individual varieties in arbitrary characteristic, but also to families 
of varieties, including inflnitesimal families and families of mixed char- 
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acteristic. Moreover, for the most part, there would be httle technical 
advantage in it if we worked over a field, let alone over an algebraically 
closed field or over a field of characteristic 0. 

To develop the theory fully, we need to make a number of hypotheses. 
Often we need to assume, for an appropriate r, that Y satisfies Serre's 
condition (Sj.); that is, every local ring is either Cohen-Macaulay 
or of depth at least r. In addition, we make six hypotheses on f:X ^Y. 
However, they are not independent. We now discuss these six, one after 
the other. 

The first hypothesis on / is that / be locally of codimension 1; in 
other words, every local ring Ox,x is of dimension 1 less than that of 
^Yjx- Without this hypothesis, the Nr needn't be Cohen-Macaulay 
when they should be. To illustrate this point, Mond and Pellikaan [29, 
bottom p. 110] gave the following example: X is the t-line; Y is 3-space; 
and f{t) :— (t*^, t*^, t^). Here A^i is not Cohen-Macaulay at the origin 
because it is not reduced there. However, this / is not dimensionally 
generic, as / is singular at the origin; so N2 has codimension 1 in A^i, 
whereas its expected codimension is the codimension of /, namely, 2. On 
the other hand, Joel Roberts (pvt. comm., April 18, 1991, see also [35, 
Cor. 2.7]) gave the following argument, which shows that the preceding 
phenomenon is not accidental. Suppose that X and A^i are both Cohen- 
Macaulay, and consider the sheaf 

Its support is the set N2 and, at any point x of N2, its depth is at 
least depth(Ox,x) — 1, which is equal to dim(Ox,x) — 1- However, the 
depth of a sheaf is at most the dimension of its support. Hence, at x, 
the codimension of N2 in A^i cannot be 2 or more. However, again, its 
expected value is the codimension of /. 

The second hypothesis is that / be locally of fiat dimension 1; in other 
words, every local ring Ox,x is an Oyj x-^odule of flat dimension 1. It 
is equivalent that f*Ox be presented, locally, by a square matrix with 
regular determinant; see [29, 2.1, p. 114] and Lemma (2.3) below. By 
the same token, it is equivalent that A^i be a divisor. Now, the second 
hypothesis implies the first by Corollary (2.5). In practice, often Y 
is nonsingular; if so, then, by the Auslander-Buchsbaum formula, the 
second hypothesis obtains if and only if the first does and X is Cohen- 
Macaulay. 

The third hypothesis is that / be birational (or of degree 1) onto its 
image. Suppose that Y satisfies Serre's condition (S2), and that the 
first three hypotheses obtain. Then Proposition (3.4) implies that A^i 
is equal to the scheme-theoretic image of /; in other words, the Fitting 
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ideal TittQ {f^Ox) is equal to the annihilator AnnY^f^Ox)- Moreover, 
then N2 has codimension 2 in y, and 

AnnY{f.Ox/ON,) = nttXif^Ox) = mt^f.Ox /On,). 

The history of these equations is involved, and was indicated in the 
discussion of (1.6), (1.7) and (1.8) in [21, p. 202]; since then, Zaare- 
Nahandi [35] handled a few additional, but special, cases, in which / 
need not have codimension 1. The first equation above implies that N2 
is defined in A^i by the conductor; the second equation implies that A^2 
is perfect (compare also with J. Roberts' [31, Thm. 3.1, p. 258]). 

The fourth hypothesis is that f be curvilinear; in other words, the 
differential corank of /, that is, the corank of the Jacobian map 

df{x):rnl.{x)-^n],{x), 

is at most 1 at every x in X. This hypothesis implies that / is cyclic; 
that is, locally the O^^-algebra f^Ox has a primitive element. This 
implication was proved in the case that X is smooth by Marar and Mond 
[27, 2.9, p. 560], and it is proved in full generality in Proposition (2.7) 
below. As a special case, this proposition contains the usual theorem of 
the primitive element for a field extension with limited inseparability. 

Assume that / is cyclic and that Y satisfies Serre's condition (S,.). If, 
in addition, A^^ locally has codimension r in Y, then A^^ is perfect by 
Theorem (3.5); in fact, if a is a primitive element at j/ e Nr, then 

mtX_^{UOx)y = mtl{Mr) (1.3.1) 

where 

Mr := {UOx)y/Y.7=y^^y'''- 

This relation between Fitting ideals was proved by Mond and Pellikaan 
[29, 5.2, p. 136] under the additional assumption that A^r+i has codi- 
mension r + 1. Briefly put, they proved that the two ideals are equal 
off A^r+i, where the job is simpler because {f*Ox)y is generated by 
1, . . . , a^~^; then they concluded that the two ideals are equal every- 
where because the one on the left contains the one on the right, and the 
latter has no embedded components. However, the relation had already 
been proved without the assumption on the codimension of AT^+i by 
Gruson and Peskine [12, 1.3, p. 4]; they gave an elementary argument 
which applies to any finite cyclic extension of an arbitrary commutative 
ring. The relation plays an essential role in the present paper, entering 
in the proofs of Lemma (3.6) and Theorem (4.4). 

In passing, let's note some other interesting properties of Air- First, 

Proj(5?/m(Alr-)/Civ, -torsion) = Bl(Ar^, AT^+i). 
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if Y satisfies (S^+i), if Nj. and N^+i are locally of codimensions r and 
r + 1 in y, and if / is also locally of flat dimension 1. This equation 
was proved by Gruson and Peskine [12, 2.7, p. 14] for r = 3, and here 
in brief is a version of their proof for arbitrary r. There is a natural 
surjection /x from Air onto the sheaf associated to the ideal / in the 
proof of Theorem (4.4) below. In that proof, it is shown that Bl(/) is 
equal to Bl{Nr., Nr+i). Now, /j, is, obviously, an isomorphism modulo 
^AT^-torsion; in fact, is an isomorphism because the (Fitting) ideals 
defining A^^, and N^+i have the correct grades, namely, r and r + 1. 
Thus the equation holds. Second, there is a natural surjection from 
Synir^iMr onto the ideal Jr of -^r+i in ^r, as Gruson and Peskine [12, 
2.2, p. 8] show, and it factors through Sym^_^i{ii) . 

The fifth hypothesis is that / be Gorenstein; that is, / has finite 
flat dimension and its dualizing complex /'Oy is quasi-isomorphic to a 
shifted invertible sheaf. If also the second hypothesis obtains (that is, 
/ is locally of flat dimension 1), then f^Ox is presentable locally by a 
symmetric matrix. This result was proved over the complex numbers 
by Mond and Pellikaan [29, 2.5 p. 117], and a version of it had been 
proved earlier by Catanese [7, 3.8, p. 84]. Mond and Pellikaan [29, 4.3 
p. 131] went on to prove that, if A^3 has codimension in Y at least 3, 
then A^3 has codimension exactly 3 and Ns is Cohen-Macaulay because 
then Jltt^ (f^Ox)y is locally a symmetric determinantal ideal. Those 
results will not be recovered in this paper; however, see [22] where there 
are new proofs, which, unlike the old, work in the present general set- 
ting, and there are related new proofs of the characterization (due to 
Valla and Ferrand) of perfect self-linked ideals of grade 2 in an arbitrary 
Noetherian local ring as the ideals of maximal minors of suitable n by 
n — 1 matrices having symmetric n — 1 by n — 1 subblocks. 

The sixth hypothesis is that / be a local complete intersection; that 
is, each point of X has a neighborhood that is a complete intersection in 
some (and so any) smooth Y-scheme (see [2, VIII 1, pp. 466-75]). For 
example, if X and Y are smooth, then the graph map of / embeds X 
in X X y; so / is a local complete intersection. In the presence of the 
second and fourth hypotheses, the fifth and sixth are equivalent. Indeed, 
the sixth obviously implies the fifth; the converse is proved in Proposi- 
tion (2.10) via a version of an old argument of Serre's. (The converse 
should now be borne in mind when reading [21, bot. p. 200].) Moreover, 
by Proposition (2.10), the sixth hypothesis, combined with the first, im- 
plies the second. The sixth hypothesis is required in global enumerative 
multiple-point theory to ensure an adequate theory of Chern classes of / 
and of the puUback operator /*. Although the sixth hypothesis played 
no special role in Mond and Pellikaan's paper [29] , the hypothesis plays 
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an essential role in the present paper. 

The various hypotheses on / are inherited by the iteration map /i 
thanks to Lemma (3.10), and this fact plays a leading role in this paper. 
The iteration map fi: X2 X is defined as follows: X2 '■= P(X(A)) 
where X(A) is the ideal of the diagonal, and /i is induced by the second 
projection. It is remarkable how strong a condition it is for /i to satisfy 
the second hypothesis; indeed, by Proposition (3.12), if /i does, if Y 
satisfies (S2), and if / satisfies the second and fourth hypotheses, then 
/ satisfies all six. The usefulness of /i stems from the equations, 

Mrif) = Nr-iifi) and Univ^^ = Hilb^"^ for r > 2, 

which are proved in Lemma (3.9) and Proposition (4.1). These equations 
permit us to derive general properties of the source multiple-point loci 
and the universal subschemes from corresponding properties of the target 
multiple-point loci and the Hilbert schemes, proceeding by induction 
on r when convenient. 

2. Special finite maps 

Definition (2.1) A map /: X — > y of schemes will be said to be 

locally of flat dimension s if X is nonempty and if, for every x in X, the 
local ring Ox,x is of flat dimension s over Oyjx- 

Proposition (2.2) Let f: X ^ Y be a finite map that locally has a 
finite presentation. Then f is locally of flat dimension 1 if and only if 
its scheme of target points Ni is a divisor ofY. 

Proof. The assertion results immediately from the equivalence of (iii) 
and (v) in the following lemma, where the rings need not be Noetherian. 

Lemma (2.3) Let cf): R ^ B be a nonzero homomorphism of rings. 
Assume that B has a finite presentation as an R-module. Then the 
following five conditions are equivalent: 

(i) The ring B has flat dimension 1 over R, and for every prime p 
in B, the prime q := (f)~^p is nonminimal in R. 

(ii) For every prime p in B, the prime q := ^"''■p is nonminimal in 
R, and the localization Bp has flat dimension at most 1 over R^. 

(iii) For every prime p in B, the localization Bp has flat dimension 
exactly 1 over i?q where q := (j)~^p. 

(iv) For every maximal ideal q of R, the R^-module B^ := S ® Rq is 
presented by a square matrix whose determinant is regular. 

(v) The zeroth Fitting ideal TittQ^B) is invertible. 

The preceding (equivalent) conditions imply the following condition, and 
they are all equivalent if R is Noetherian. 
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(vi) The R-module B is perfect of grade 1. 

Furthermore, if (iv) obtains, then a suitable square matrix may be ob- 
tained from any matrix presenting B by omitting suitable columns. 

Proof. Assume (i). Now, for any i?- module M, 

5p ®B Torf (S, M) = Torf''(Sp, Mq); (2.3.1) 

indeed, for any free resolution E, of M, 

Bp ®B H,{B ®R E,) = Hi{Bp ®B B (^r E,) = Hi{Bp (^r E,). 

Hence B^ has flat dimension at most 1 over i?q, because every i?q- 
module N is of the form Mq (for example, take M :— N). Thus (ii) 
holds. 

Assume (ii). Then the minimal primes p' in Bp have nonminimal 
preimages q' in i?q. So, if q" is a minimal prime contained in q' and 
if a G (q' — q"), then a is regular on i?q/q", but not on Bpi/q^'Bpi, 
since its image in Bp> / c[" Bp' is nilpotent. Hence Bp is not flat over i?q. 
Therefore, Bp has flat dimension exactly 1 over i?q. Thus (iii) holds. 

Assume (iii). To prove (iv), we may assume that q D ker(/>, because 
otherwise Bq = 0. Then q is of the form (f)~^p because is finite. 
So (2.3.1) implies that B^ has flat dimension at most 1 over Rq. By 
hypothesis, there is a short exact sequence of i?q-modules, 

— >E — >F — >Bq — ^0, 

in which F is free and E is finitely generated. Hence E is flat, and 
therefore free by, for example, [28, 7.10. p. 51]. 

Set / := Titt^{B). Then Ann(/q) vanishes by McCoy's theorem [26, 
Thm. 51, p. 159] (or by [24, Lem., p. 889]) because E is free. Hence, q is 
not a minimal prime of i?; indeed, otherwise, i?q would have dimension 0, 
so Bq would be free because Iq would be equal to Rq, but Bp has flat 
dimension exactly 1. Hence, if q' is any minimal prime of R contained 
in q, then Bq ® Rqi = 0. Therefore, rkE = rkF. In other words, 
Bq is presented by a square matrix M. Now, det M generates Iq, and 
Ann(/q) = (0) ; so det M is regular. Thus (iv) holds. 

Obviously (iv) implies (v). The converse is a special case of [25, 
Lem. 1, p. 423], but may be proved directly as follows. Assume (v). Take 
any matrix M presenting Bq over Rq] say M is m by n with m < n. 
Moreover, we may assume that the zeroth Fitting ideal is generated by 
the determinant of the submatrix N formed by the flrst m columns be- 
cause the ideal is invertible and Rq is local. Hence det N is regular, and 
divides the determinant of every m by m submatrix of M. Hence, by 
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Cramer's rule, every column of M is a linear combination of the first m. 
Therefore, N too presents B^. Thus (iv) and the last assertion hold. 

Assume (iv). Then, for every prime q of the i?q-module has 
flat dimension at most 1. Hence the i?- module B has flat dimension at 
most 1. If q = 0~^p for some prime p in B, then q-Rq contains a regular 
element, namely, the determinant of a matrix presenting B^; indeed, this 
determinant lies in Ann/^^ Sq, which is contained in qi?q. Hence, q is 
not minimal. Moreover, Hom^ (-^q^ Rq) = 0; whence, Kom ji{B, R) = 
because B has a flnite presentation. Now, if p is a minimal prime of B, 
if q' is a minimal prime contained in q = 4'~^p and if a G (q — q'); then 
a is regular on -R/q', but not on B/q'B; hence B is not flat over R. 
Alternatively, B is not flat over R because its zeroth Fitting ideal is 
invertible, so nonzero. Thus both (i) and (vi) hold. 

Finally, assume that (vi) holds and that R is Noetherian. Then 
Anuffi? contains a regular element. This element lies in any prime q 
of R of the form q = 0~^P where p is a prime of B. Hence, q is not 
minimal. Thus (i) holds, and the proof is complete. 

Definition (2.4) Let f:X y be a map of locally Noetherian 
schemes, and s an integer. Call / locally of codimension s if X is 
nonempty and if, for every a; in X, 

dimC>x,x = dimOyja; - s. 

Corollary (2.5) Let f: X ^ Y be a finite map of locally Noetherian 
schemes. Assume that f is locally of flat dimension 1. 

(1) Then f is locally of codimension 1. 

(2) Then the fundamental cycles satisfy the relation, = [A^i]. 

Proof. To prove (1), let x be a point of X, and y its image in Y. 
Let R and B be the corresponding local rings, and C the semi- local ring 
of f~^y. Let denote completion. It sufiices to check that dimS = 

dimi?— 1. Now, Titt^C is invertible by (2.2); hence, J^ittQC is invertible. 

However, S is a direct summand of C. Hence TittQ B is invertible. 

Therefore, dim(R/mt^B) is equal to dim ^ - 1. Finally, R/Titt^B 

and B have the same dimension because TittQB and Ann^(S) have the 
same radical. Thus (1) holds. 

Consider (2). Since A^i is a divisor by (2.2), at the generic point f of 
any of its components, the lengths £i,{f^,Ox) and £^{0]\f-^) are equal by 
the determinantal length formula, [6, 2.4, 4.3, 4.5] or [3, 2.10, p. 154]; in 
other words, (2) holds. 
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Definition (2.6) Let /: X — > y be a map of schemes, x e X. Call 
the number, 

dimfe(^) njix), 

the differential corank of f at x. In terms of a base scheme S, this 
number is simply the corank of the Jacobian map. 

Call / curvilinear if its differential corank is at most 1 at every x in X. 

Proposition (2.7) Let f:X—^Ybea finite map of schemes, t > 1. 

(1) Let X & X . Then f has differential corank at most t at x if and 
only if X has a neighborhood U such that the restriction f\U factors 
through an embedding of U into the affine t-space Ky. 

(2) Let y & Y be a point whose residue class field is infinite. Then 
f has differential corank at most t at every point x of f~^y if and only 
if y has a neighborhood V such that the restriction f~^V — >• V factors 
through a closed embedding of f~^V in the affine t-space Ay. 

Proof. The assertions follow immediately from the next lemma. 

Lemma (2.8) Let R be a local ring (which need not be Noetherian). 
Let B be an R-algebra that's finitely generated as an R-module, t>l. 

(1) Let m be a maximal ideal of B, let C be an R-subalgebra of B 
generated by t elements, and set n := m fl C If the canonical map 
Cn — > is surjective, then 

dimB/mi^l/Jmnl/j,) < t (2.8.1) 

(2) Let m be a maximal ideal of B such that (2.8.1) obtains. Then 
there exists an R-subalgebra C of B generated by t elements such that, 
if n := m D C , then the natural map Cn — > Bm is bijective. 

(3) Assume that (2.8.1) obtains for every maximal ideal m of B, and 
that the residue class field of R is infinite. Then B is generated as an 
R-algebra by t elements. 

Proof. In (1), say C is generated by xi, . . . ,Xt. Then the images of 
dxi, . . . , dxt generate (n^y^)n. Hence (2.8.1) holds, as asserted. 

To prove (2) and (3), we may assume that is a field. Indeed, let 
k be the residue field of R. First, consider (3). Suppose that B ® k 
is generated by t elements. Lift them to B, and let C be the resulting 
subalgebra. Then the inclusion C ^ B is surjective by Nakayama's 
lemma, because C ® k ^ B ® k is surjective by assumption and B is 
finitely generated as an i?-module by hypothesis. Thus, to prove (3), we 
may replace R and B hy k and B ®k. 
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Next, consider (2). Suppose that there exists a subalgebra C of B 
generated by t elements, such that if n := mnC, then Cn<Sik ^ B^tSik 
is surjective. If xi has in n, replace it by a; i + 1; obviously, doing so 
does not change C. Now, B (E) k is equal to the direct product of its 
localizations at the maximal ideals of B; so there is an element x of B 
whose image in Bm <S> k is equal to 1 and whose image in the other 
localizations is equal to 0. For each i, replace Xi by Xix; doing so may 
change C, but Cn (8) — > i?m ® k remains surjective. The following 
argument, adapted from [11, (18.4.6.1), p. 120], shows that Cn -Bm 
is now bijective. 

The map Cn -Bm factors as follows: 

On ^ J^n ^ J^m- 

Consider (3. It will be bijective if every element of -B — m becomes a 
unit in B^, so if every maximal ideal p of B^ contracts to m. Since a is 
finite, a~^p is a maximal ideal of Cn; hence, a~^p = nCn- Therefore, 
if q denotes the trace of p in B, then q fl C = n. Since S is a finitely 
generated C-module, n is a maximal ideal of C, and so q is a maximal 
ideal of B. Now, xi ^ q because xi ^ n and xi G C. Since xi lies in 
every maximal ideal of B other than m, necessarily q = m, as required. 
Thus f3 is bijective. 

Consider a. It is injective because C C B. Now, a is finite; hence, by 
Nakayama's lemma, it will be surjective if a(E)k is. However, {(3a) ^k is 
surjective by assumption, and (3 is bijective by the preceding paragraph. 
Hence a is surjective, so bijective. So Cn — > B^ is bijective. Thus, to 
prove (2) as well as (3), we may assume that R is a field. 

We may also assume that B is local. Indeed, since R is a field, B is 
equal to the direct product, over its finite set of maximal ideals m, of 
its localizations: -8 = 11 -^m- Suppose one of the localizations Bm has 
t generators. Lift them to elements xi,...,Xt of B whose images in 
the other localizations are equal to 0. Then form C and n as usual. 
Clearly C = Bm and Cn = C. Hence, to prove (2), we may replace B 
by -Bm, and then we have to prove that B is generated as an i?-algebra 
by t elements. 

Consider (3). Suppose that each B„i has t generators Xm,i- Set := 
ixm,i) in B. Now, in the polynomial ring in one variable R[X], let /m(A) 
be a polynomial of minimal degree such that /m(3^m,i) = 0. Suppose 
that R is infinite. Then we may assume that the /m(A) are relatively 
prime; indeed, replacing Xm,i by Xm,i + where the suitable 
elements of R, we may ensure that no two /m(A) share a root in some 
algebraic closure of R. Set / := H/m- Then i?[A]/(/) is isomorphic 
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to the subalgebra Bi of B generated hj xi. Hence, by the Chinese 
remainder theorem, Bi contains the idempotents of the decomposition 
B = Y[Bm- Therefore, B is generated by the Xi. Thus, to prove (3) as 
well as (2), we may assume that B is local. 

We may also assume t = 1. Indeed, suppose ^b/r/^^^b/r 
mension at least 2, and let xi be an element of B such that the residue 
class of dxi is nonzero. Let Bi be the subalgebra of B generated by xi. 
Then S is a finitely generated i?i-module; so, by the Cohen-Seidenberg 
theorem, Bi is local as B is. Moreover, ^^^/Bi equal to the quotient 
of ^^B/R submodule generated by dxi. Hence, we may assume 

by induction on t that there exist t — 1 elements X2, ■ ■ ■ ,Xt of B that 
generate it as a 5i-algebra. Then xi,. . .,xt generate B as an i?-algebra. 

Suppose that the natural map R — > B/m is an isomorphism. Then 
there exists an element x in m that generates B as an J?-algebra. Indeed, 
m/m^ is equal to O^j^^/mO]^^^; see, for example, [23, Cor. 6.5(a), 

p. 96]. So dim(m/m^) < 1. Let x be an element of m whose residue 
class generates m/m^ over R; possibly, x — 0. Then B — R[x]. (The 
argument is standard. Let y be an element of B. For all n > 0, there is 
a polynomial yn := Yl7=o ^i^^ with Ui & R and y — yn 'va. m"'"'"^; indeed, 
take ao to be the image of y in = B/m, and given y^, take fln+i so 
that y — Vn is equal to a^+ix"''^^. However, = for n ^ 0, so j/ = j/^ 
for n 3> 0.) 

Suppose that R is infinite. Let R' be an algebraic closure of R, and 
set B' := B R'. Then there exists an element x' of B' that generates 
it as an i?'-algebra by the preceding paragraphs, because B' is a finite 
i?'-algebra whose residue class fields arc all equal to R' and because the 
formation of fl^ commutes with base change. To descend the existence 
of a generator, let 2/1 , . . . , i/^i be a vector space basis of B over i?, and let 
Ti, . . . , be indeterminates. In the polynomial ring B[ti, . . . ,Tn], set 
u :— TiUi ciiid expand the powers for j = 0, . . . ,n — 1. Form the 
matrix $(ri, . . . , r^) such that 

{l,u,...,u^-T = ^n,...,Tn){yu...,ynr 

where 'tr' denotes transpose. Say x' — JZ'^iVi where G R'. Then the 
r/ do not satisfy the equation det $(ti, . . . , t„) = because x' generates 
B' as an i?'-algebra. Hence, since R is infinite, there exist elements 
t[', . . . in R that do not satisfy this equation. Therefore, x := ^ r/'j/j 
generates B as an i?-algebra. 

Finally, suppose that R is finite, say of characteristic p. Take q : = p'^ 
so large that = and = z for all z E B/m. Consider L := B'^. 
Obviously, L is an i?-subalgebra. In fact, L is a field: ii x e B and 
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x'^ ^ 0, then x ^ m as = 0; hence, there is a y G -B such that 
xy = 1; so x'^y'^ = 1. Now, since z'^ = z for all z e B/ra, the natural 
map L B/mis surjective; so it is an isomorphism because L is a field. 
Since f^]^/^ is a quotient of Q^^^j^, by the paragraph before the last, there 
is an X G m such that B = L[x]. Since L is finite, its multiplicative group 
is generated by an element y. Set z :— x + y , and B' :— R[z]. Then 
zi = x'^ + y^, so z'^ = y. Thus y G B' . Hence L C B'. Moreover, 
z — z'^ — x + y — y — X. Thus x G -B'. So L[a;] lies in B'. Therefore 
B = B' , and the proof is now complete. 

Definition (2.9) Let /: X — > y be a map of locally Noetherian 
schemes. Following [2, 1.1, p. 466] call / a local complete intersection 
if, locally on X, there is a factorization f = ni where i: X ^ P is a 
regular embedding and tt: P — > F is smooth. Following [13, p. 144], call 
/ Gorenstein if it has finite flat dimension and if in the derived category 
fOy is isomorphic to a (shifted) invertible sheaf. 

Proposition (2.10) Let f: X ^ Y be a finite map of locally Noethe- 
rian schemes, s an integer. If f is a local complete intersection and is 
locally of codimension s, then f is Gorenstein and locally of flat dimen- 
sion s. Moreover, the converse holds if also s = 1 and f is curvilinear. 

Proof. Suppose / is a local complete intersection and is locally of 
codimension s. Then clearly / is Gorenstein; see [13, Cor. 7.3, p. 180, ] 
and [13, 3, p. 190]. Now, for every x in X, clearly 

depthOx,x — depth Oyjj; — s. 

Hence, / is locally of flat dimension s by the Auslander-Buchsbaum for- 
mula, which applies after completion because / is flnite. Thus the direct 
assertion holds. The converse follows from (2.7) (1) and the following 
lemma. 

Lemma (2.11) Let R ^ B be a quasi-finite local homomorphism of 

Noetherian local rings, and t an integer. Assume 

(i) that B is of the form S/I where S is a localization at a prime 
ideal of the polynomial ring in one variable R[u], 

(ii) that Extg{B, S) vanishes for i ^ t and is isomorphic to B for 
i = t, and 

(iii) that B has flat dimension 1 over R. 

Then t = 2 and I is generated by a regular sequence of length 2; 
moreover, dim B = dim R — 1. 
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Proof. Assumptions (i) and (iii) imply that / is flat over R. Say / is 
generated by n elements with n minimal, and form the exact sequence, 

— >F — ^5"^ / — ^0. (2.10.1) 

Then F is flat over R. Moreover, if k denotes the residue held of R, 
then F (8) A; is free over S<Sik, because 5' (g) A; is a Principal Ideal Domain. 
Hence F is a free -S-module. So, clearly, F = S'^~^. 

Sequence (2.10.1) therefore yields this free resolution of B over S: 

— > 5"-^ — ^S"" — >S — >B — ^ 0. (2.10.2) 

Hence t < 2. Suppose t < 2. Then, because of (ii), dualizing (2.10.2) 
yields a surjection v: S'" — » S'^~^. However, v ® k = because n is 
minimal. Hence n = 1. Therefore, the map cr: 5 —>/ is an isomorphism. 
Consequently, there is a short exact sequence, 

— > Torf (S, k) — > S^k — > S^k — > B^k — ^0. 

Since B / R is quasi-flnitc, dim^ B ^ k is flnite. Hence the map in the 
middle is nonzero. Therefore, it is injective because S (E) k is a domain. 
So Torf (S, k) — 0. Hence B is flat over R by the local criterion. Thus 
(iii) is contradicted, and so t = 2. 

Because t = 2 and because of (ii), dualizing (2.10.2) yields the follow- 
ing exact sequence: 

— >S — > 5" — > 5"-^ — >B — ^ 0. 

Because S is local, this sequence may be reduced to the sequence, 

— >S — >S^ — >S — >B — ^0, 

by splitting off copies of the trivial exact sequence — > 5" — > 0. 
Therefore, / is generated by two elements, and because t — 2, they form 
a regular sequence. Finally, by hypothesis, S is the localization of R[u] 
at a prime ideal, and this ideal must be maximal because B is quasi- 
flnite over R; hence, dim*? = dimi? + 1. Therefore, dimS = dimR — 1 
because / is generated by a regular sequence of length 2. 
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3. The multiple-point schemes 

Definition (3.1) A map f:X — > y of locally Noetherian schemes 
will be said to be birational onto its image if there is an open subset U 
ofY such that (i) its preimage f~^U is dense in X and (ii) the restriction 
f~^U U is an embedding. 

Proposition (3.2) Let f:X^Y be a finite map of locally Noethe- 
rian schemes. 

(1) The map f is birational onto its image if and only if the source 
double-point scheme M2 is nowhere topologically dense in X. These two 
equivalent conditions imply that N2 is nowhere topologically dense in Ni , 
and all three conditions are equivalent if f is locally of codimension 1 . 

(2) The scheme-theoretic image of f is a closed subscheme of the 
scheme of target points Ni . The two schemes have the same support, 
and they are equal off the scheme of target double-points N2. If they 
are equal everywhere and if f is locally of flat dimension 1, then f is 
birational onto its image. 

(3) The map f induces a finite, surjective map Mr Nr for r > 1. 

Proof. Let U be the largest open subset of Y such that f~^U — * U 
is an embedding. Since / is finite, U consists of all y G y at which 
the comorphism Oy f*Ox is surjective. So, by Nakayama's lemma, 
U consists of the y at which the vector space {f*Ox){y) has dimension 
at most 1. Hence, U = Y — N2. Therefore, since M2 = /~^iV2, the 
first assertion of (2) holds. Obviously, if M2 is nowhere topologically 
dense in X , then N2 is nowhere topologically dense in Ni. Finally, if / 
is locally of codimension 1, then every component of X must map onto 
a component of A^i ; hence, if also A^2 is nowhere topologically dense in 
A'^i, then M2 is nowhere topologically dense in X. Thus (1) holds. 

The scheme-theoretic image of / is defined as the smallest closed sub- 
scheme ZofY through which / factors [10, (6.10.1), p. 324]. Because / 
is quasi-compact and quasi-separated, Z exists and is associated to the 
ideal Annyif^Ox)- Since locally on Y there is an integer n such that 

Annyif^OxT ^ TittHf^Ox) C Anny{f,Ox). 

the image Z is a closed subscheme of Ni., and the two schemes have 
the same support. They are equal off N2 because there is a 

cyclic Oy-module. If they are equal everywhere, then Anny{f<^Ox) = 
Pitt^if^Ox). On the other hand, by [5, Thm.3.1], 

Anny{f,Ox) = TUtHf.Ox) : TittXif.Ox). 

It follows that the stalk J-'itt^ {f*Ox)x is not contained in any associated 
prime of the stalk Titt^ {f<i,Ox)x for any x & X. So N2 is nowhere 
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topologically dense in A^i. Therefore, / is birational onto its image 
by (1) and (2.5) (1). Thus (2) holds. 

By definition, Mr = f~^Nr. Hence / induces a finite map Mr Nr. 
It is surjective because Nr C A^i and because / carries X onto A^i by (1). 
Thus (3) holds. 

Definition (3.3) Following [11, (5.7.2), p. 103], a locally Noetherian 
scheme Y will be said to satisfy Serre 's condition (S^), if for every y G F, 

depth(C)y,y) > inf(r, diui{OY,y)). 

Proposition (3.4) Let f: X Y be a finite map of locally Noethe- 
rian schemes. Assume that f is locally of flat dimension 1 and is bira- 
tional onto its image. Assume also that Y satisfies (S2). Let Z denote 
the scheme-theoretic image of f . 

Then Z is equal to Ni. Furthermore, N2 is defined by the adjoint 
ideal Anny if ^Ox /Oz) , and M2 is defined by the conductor Cx . Each 
component 0/M2 has codimension 1 and maps onto a component of N2; 
each component of N2 has codimension 2; and the fundamental cycles of 
these two schemes are related by the equation, 

/4M2] =2[iV2]. 

Finally, On^ andOf^M2 are perfect Oy -modules of grade 2 . 

Proof. By (3.2) (2), we have Z C Ni, with equality off N2, and N2 is 
nowhere topologically dense in A^i by (3.2)(1) and (2.5)(1). Now, A^i has 
no embedded components because it is a divisor by (2.2) and because Y 
satisfies (S2). Hence A^i = Z, as asserted. 

The cyclic Cy-module with ideal AnnY{f^Ox /Oz) has a Hilbert- 
Burch resolution, and 

AnnYif.Ox/Oz) = TittX{f,Ox) = nttl{f,Ox/Oz); (3.4.1) 

see [21, (3.5), p. 208]. The first equation of (3.4.1) says that the adjoint 
ideal defines A^2- Since Cx is the ideal on X induced by the adjoint 
ideal, therefore Cx defines M2. Because of the Hilbert-Burch resolu- 
tion, (3.4.1) implies that Ojsi^ is a perfect Oy-module of grade 2. Hence 
Of^M2 is perfect of grade 2 too because Z is a divisor. Moreover, the 
determinantal length formula (see [6, 2.4, 4.3, 4.5] or [3, 2.10, p. 154]) 
gives the following equation, in which u is the generic point of an arbi- 
trary component of A''2 and £jy indicates the length of the stalk at v: 



iAf*Ox/Oz) = £AOY/:FittUf*Ox/Oz)). 
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Let Cz denote the conductor on Z, namely, the ideal induced by the 
adjoint ideal. Then, clearly, 

!.{PxlCx) = {f.Ox)ICz and Oy jmtl^j^OxIOz) = OzICz- 

The preceding two displays yield 

liv{f*{OxlCx)) = n,{PzlCz). 

Rewritten, the latter equation will become [A^2] = 2/*[M2], once we 
prove the assertion about the components of A^2 and M^. 

Let 7] be the generic point of a component of M^. Then OM2,r] is an 
Artin ring, and its residue field is a finite extension of that of Oyjri- 
So Om,. ^ is an /^-module of finite length, and of flat dimension at 
most 2, hence of projective dimension at most 2. Therefore the in- 
tersection theorem of P. Roberts [32] implies that Oyjri has dimen- 
sion at most 2. However, every component of A^2 has codimension at 
least 2. Consequently, the original component of M2 has codimension 1 
by (2.5) (1). Finally, every component of N2 is the image of a component 
of M2 by (3.2) (3). The proof is now complete. 

Theorem (3.5) Let f: X ^ Y be a finite map of locally Noetherian 
schemes, and r an integer, r > 1. Assume that f is locally of fiat di- 
mension 1 and curvilinear. Then each component of has codimension 
at most r (that is, the local ring at the generic point has dimension at 
most r). Assume further that each component of Nr has codimension r 
and that Y satisfies Serre's condition (Sr)- Then On^ o,nd Om,, o,re per- 
fect Oy -modules of grade r, each component of has codimension r — 1 
and maps onto a component of Nr, and the fundamental cycles of these 
two schemes are related by the equation 

f4Mr]^r[Nr]. 

Proof. The assertion results from (2.2), (3.2) (3) and the next lemma. 

Lemma (3.6) Let R be a local Noetherian ring, and B an R-algebra 
that is finitely generated as a module. Assume that, for every maximal 
ideal m of B, 

Assume that the R-module B is presented by a square matrix whose 
determinant is regular. Fix r > 1 and let F := Fitt^_i{B) denote the 
Fitting ideal, and ht F its height. If F ^ R, then htF < r. IfhtF = r 
and if R satisfies (Sr), then both R/F and B/FB are perfect R-modules 
of grade r; moreover, then, any minimal prime of FB has height r — 1. 
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and its preimage in R is a minimal prime of F of height r. Finally, if 
dim R = r too, then the following length relation obtains: 

iR{B/FB)=riR{R/F). 

Proof. By using a standard device, we may assume that R has an 
infinite residue class field: replace R and B by R' and B ®ji R' , where 
R' is the flat local i?-algebra obtained by forming the polynomial ring 
in one variable over R and localizing it at the extension of the maximal 
ideal of R. Then (2.8) (3) implies that there is an x in S such that 
B = X]r=o -^^^ where n > r. By Lemma (2.3), there is an n by n 
matrix '0 with entries in R such that the corresponding short sequence 
is exact: 

— > R"^ ^ R"" — > B — ^0 

where the natural basis element of R^ is mapped to the generator 
x^-^ of B. 

Let M be the i?-module B/Y^^Zq^^^^ l^t (j) be the n — r + 1 
by n matrix consisting of the last n — r + 1 rows of ij). Then there is a 
commutative diagram with exact rows and surjective columns, 

i?^ i?" = ef=ii?ei > B ^ 

Jl^ j^n-r+l ^ Q^'^^^Re^ , M > . 

Let In-r+i (0) and In-r+i {i^) denote the ideals ofn — r + 1 byn — r + 1 
minors. So 

F = In-r+lW and Fltt^{M) = In-r+M- 

Now, Gruson and Peskine [12, Lem. 1.3, p. 4] proved (using the multi- 
plicative structure of B) that F = FittQ^M). So F is generated by the 
maximal minors of (j). So, by the classical height result [4, (2.1), p. 10], 

htF = htln-r+M) < n - (n - r + 1) + 1. 

Suppose htF = r and R satisfies (S^.). Then R/F and M are perfect 
i?-modules of grade r by Eagon's theorem [4, (2.16)(c), p. 18]. 

Let denote reduction modulo In-r+i{4>)- We will construct a com- 
mutative diagram with exact rows 

^R""'^' ®R A'^"'^^' R"" ^R"" R"- ^B®rR^Q 

^r""'^' ®r a""'"^' ^ ^ m . o 
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in which the right vertical map is surjective. Once constructed, this 
diagram yields an exact sequence, 

— >R''~^ — >B^rR — >M — ^0. (3.6.1) 

Now, B R is equal to B/FB; hence, B/FB is perfect over R of 
grade r because R and M are. 

Let p be a minimal prime of the S- ideal FB, and let q be its preimage 
in R. Then {B/FB)p is an Artin ring, and its residue field is a finite 
extension of that of i?q. So {B/FB)p is an i?q-module of finite length, 
and of flat dimension at most r, hence of projective dimension at most r. 
Therefore the intersection theorem of P. Roberts [32] implies that i?q has 
dimension at most r. However, ht F = r. Consequently, q is a minimal 
prime of F of height r. So, (2.5) (1) implies that Bp has dimension r — 1, 
as asserted. 

If dimJ? = r too, then the determinantal length formula [6, 2.4, 4.3, 
4.5] and [3, 2.10, p. 154] yields 

IniM) = £ii(Cok0) = £R{R/In-r+im = £r{R/F). 

Since R/F = R and B ®iiR = B/FB, then (3.6.1) yields the asserted 
length relation. 

To define 5, use the bases {e^, . . . , e^} and {ei, . . . , e„} of 
and i?". For r < i < for l<j<?i — r+1, and for 1 < ki < ■ ■ ■ < 
kn-r+i < denote by d^^ the minor (of (f)) that is obtained from i/j by 
deleting rows 1, . . . , r — 1, i and taking columns ki, . . . , kj-i, kj+i, . . . , 
kn-r+i- Now, define 

1^ — ^n— r+1 . 

It is easy to see that the image of the composite map, 

Rn-r+l ®^ i?'^ Rn ^ R^-^+^ , 

is exactly /„_j.+i(0) • i?""'^"'"^. 

On the other hand, since In-r+iifj)) has generic grade in R, it follows 
that an /^-resolution of M = Cok^ is given by the Buchsbaum-Rim 
complex [6, 2.4, p. 207], 

• • • ^ j^n ru ru-t+I _^ ^ ^ 
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where = 0. Since maps ImS onto In-r+i{(p) ■ the preimage 

(j)~^{In-r+i{(t>) ■R^~^'^^) is exactly Im5 + Im/?. Therefore, the sequence 

is exact. Thus the bottom row of the diagram is exact, because /? = 
and M0rR = M. 

It is also easy to see that the image of the composite map 

Rn-r+l (g)^ ru ru ru 

is contained in In-r+i{i^) • -R", which is equal to /^_r+i((/>) ■ R^ . There- 
fore, the top row of the diagram is a complex. This complex is exact, 
because every relation on the columns of t/^ is a relation on the columns 
of (j) and hence contained in the image of 5. The proof is now complete. 

Corollary (3.7) Let f: X ^ Y be a finite map of locally Noetherian 
schemes, andr an integer, r > 1. Assume that f is locally of flat dimen- 
sion 1, and, if r > 3, then assume that f is curvilinear. Assume also 
that Y satisfies (S^+i), that each component of Nr has codimension r, 
and that each component of Nr+i has codimension r + 1. Then is 
the scheme-theoretic image of M^. 

Proof. Since Mr = f~^Nr and / is finite, f^OM^ is equal to the 
restriction of f^Ox to N^. Hence, f^OM^ is locally free of rank r on 
Nr — Nr-\-i by standard linear algebra. So the comorphism ■j-.On^ — > 
f*OMr. is injective off A^r+i- Now, is perfect by (2.2) if r = 1; 
by (3.2)(2), (2.5)(1), and (3.4) if r = 2; and by (3.5) ff r > 3. Hence 
On^ has no embedded points because Y satisfies (S^+i). Therefore, 7 is 
injective everywhere because each component of Nr+i has codimension 
r + 1. The proof is now complete. 

Definition (3.8) Let /: X 1" be a finite map of locally Noethe- 
rian schemes. Following [19, 4.1, pp. 36-37], [20, (2.10), pp. 112-113], 
and [21, (3.1)], define the iteration scheme X2 and the iteration map 
/i: X2 — > X of / as follows: 

X2:=P(2:(A)) and fi: X Xy X ^ X, 

where A is the diagonal, X(A) is its ideal, p is the structure map, and 
P2 is the second projection. (Thus, X2 is the residual scheme of A.) 
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Lemma (3.9) Let /:X — > y be a finite map of locally Noetherian 
schemes, and assume that f is curvilinear. Then, for any r >2, 

Mrif) = Nr-lifl). 

Proof. The structure map p : X2 — X x y X is a closed embedding 
if and only if / is curvilinear. If so, then p^Ox2 is locally isomorphic to 
T(A), and therefore, for any r > 0, 

mt^ifi,Ox,)=J'itt^iP2a{^)). (3.9.1) 

These statements are not hard to prove; see [21, (3.2), (3.4)]. In that 
reference, (3.9.1) is stated only for r — 0, but the proof works without 
change for any r. 

Since / is an affine map, the operator /* is exact and commutes with 
base change. Hence, applying p2* to the natural exact sequence, 

1(A) Oxxx -^Oa^O, 

yields an exact sequence, 

^ P2*X(A) — > f*f,Ox ^Ox^O. 

Hence, by standard properties of Fitting ideals, 

mt^ip^aiA)) = mt^+,{f*f,Ox) = Tut^+iif.Ox) Ox. 

Therefore, (3.9.1) yields the assertion. 

Lemma (3.10) Let f:X^Ybea finite and curvilinear map of 
locally Noetherian schemes. 

(1) Then fi: X2 X is finite and curvilinear. 

(2) Assume that X has no embedded components. Assume either (i) 
that each component of N2 has codimension at least 2 in Y , or (ii) that 
each component 0/M2 has codimension at least 1 in X , or (iii) that f 
is birational onto its image. Finally, assume that f is a local complete 
intersection and is locally of codimension 1. Then fi is also a local 
complete intersection and locally of codimension 1 . 

Proof. Assertion (1) holds because (a) the map p : X2 ^ X Xy X is 
a closed embedding; (b) the projection p2: X Xy X ^ X is finite; and 

(c) nj, 

Consider (2). Conditions (i) and (ii) are equivalent because / is locally 
of codimension 1. Conditions (ii) and (iii) are equivalent by (3.2)(1); in 
particular, (ii) obtains. By (1), /i:X2 — > X is finite, and by (3.2) (2), it 
factors through iVi(/i). By (3.9), iVi(/i) = M2. So, for any x e X2, 

dimOx2,x < dimOjVi(/i),/ix = dimCMaJis < diraOxjix - 1- 
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Since X has no embedded components, and since / is a local complete 
intersection and locally of codimension 1, it follows that fi is also. In- 
deed, it is not hard to show, see [19, 4.3, p. 39], that X2 is, locally at 
any point x, cut out of some smooth X-scheme P, say of relative dimen- 
sion p, hy p + 1 elements. Since /i is finite and locally of codimension 1, 
a subset of p of the elements must restrict to a system of parameters 
in the fiber of P through x. Since the fiber is smooth, this system is 
a regular sequence. Hence, by the local criterion of flatness, the p el- 
ements themselves form a regular system and they cut out of P a flat 
X-scheme Q. Since X has no embedded components, neither does Q 
because Q is X-flat. Since the remaining element cuts X2 out of Q, it 
is regular on Q. Thus the p+1 elements form a regular sequence on P. 
Thus (2) holds. 

Theorem (3.11) Let f: X ^ Y be a finite map of locally Noetherian 
schemes, and r an integer, r > 2. Assume that f is a local complete 
intersection, is locally of codimension 1, and is curvilinear. Assume 
also that either (i) each component of N2 has codimension at least 2 
in Y , or (ii) each component 0/M2 has codimension at least 1 in X , or 
(iii) / is birational onto its image. 

If X has no embedded components, then each component of Mr has 
codimension at most r — 1 in X . Furthermore, if each component of Mr 
has codimension r — 1 and ifY satisfies Serre's condition (Sr), then Mr 
is a perfect subscheme of X . 

Proof. If Y satisfies (S^), then X satisfies (Sr- 1) because / is locally 
of codimension 1, and because, for every x in X, clearly 

depth Ox.a; = depthOyjx - 1 

since / is also a local complete intersection. Hence, in any event, X has 
no embedded components. Therefore, /i:X2 — > X is a local complete 
intersection and locally of codimension 1 by (3. 10) (2). Moreover, fi is 
finite and curvilinear by (3.10)(1). Hence fi is locally of fiat dimension 1 
by (2.10). Therefore, (3.9) and (3.5) yield the assertions. 

Proposition (3.12) Let f: X ^Y be a finite map of locally Noethe- 
rian schemes. Assume that f is curvilinear and that Y satisfies (S2). 
Then the following conditions are equivalent: 

(i) f is a local complete intersection, is locally of codimension 1, and 
is birational onto its image; 

(ii) / and fi are both locally of flat dimension 1; 

(iii) / is locally of flat dimension 1 and M2 is a divisor; 
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(iv) / is locally of flat dimension 1, is birational onto its image, and 
is Gorenstein. 

Moreover, in (i) or (iv) or both, the condition that f is birational onto its 

image may be replaced either by the condition that M2 is nowhere topo- 
logically dense in X or by the condition that N2 is nowhere topologically 
dense in Ni . 

Proof. In the course of proving (3.11), it was shown that (i) imphes 
(ii). Assume (ii). Then iVi(/i) is a divisor by (2.2), and iVi(/i) = M2 
by (3.9). Thus (iii) holds. Next, assume (iii). Then / is birational 
onto its image by (3.2) (2), and it is locally of codimension 1 by (2.5) (1). 
Moreover, the ideal of M2 is equal to the conductor Cx by (3.4); so Cx is 
invertible. Hence / is Gorenstein by [21, (2.3)]. Thus (iv) holds. Now, 
(iv) implies (i) by (2.10). Finally, the last assertion holds by (3.2) (2). 

4. The Hilbert scheme 

Proposition (4.1) Let f:X^Y be a finite map of locally Noethe- 

rian schemes, and assume that f is curvilinear. Let r > 2. Then the 
universal subscheme Univj o/Hilbj xyX is equal to the Hilbert scheme 
Hilb^~^ of the iteration map fi:X2 X defined in (3.8), 

Univ^ = Hilb^7^ . 

Proof. For convenience, set := Univj and := Hilb^. It will 
be shown that both and H^~^ have canonical closed embeddings in 
H^~^ Xy X and then that the two subschemcs arc equal. First of all, 
the structure map p: X2 ^ X Xy X is a closed embedding because / 
is curvilinear. Hence, there is a canonical embedding of H^~^ in H^"^, 

which is equal to H^~^ Xy X. 

Secondly, there is a canonical map v : F — > where V is the residual 

scheme of U^~^ in H^"^ x^^X by [20, (2.9)(1), p. 111]. The map v is an 
isomorphism by [20, (2.9)(4), p. Ill]; indeed, every length-r subscheme 
z of every fiber f~^{y) is Gorenstein, because f~^{y) is isomorphic, 
locally at each of its points, to a closed subscheme of the affine line over 
the field k{y) by (2.7) (2) as / is curvilinear. Moreover, the structure 
map V — > Hj~^ Xy X is a closed embedding because the ideal of U^~^ 
is locally generated by a single element. Indeed, the formation of this 
ideal commutes with base change through H^""*^ because U^"^ is flat, and 

on each fiber of Hj~^ x X, the ideal is generated by a single element; 
the latter obtains because the fiber comes via base field extension from 
a fiber f~^{y), and as noted above, f~^{y) is isomorphic to a closed 
subscheme of the affine line over the field k{y). 
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Consider the rth iteration scheme and the corresponding iteration 
map fr-i'-X^. — > Xr-i of /. For r = 2, they are simply the iteration 
scheme X2 and the iteration map /i: X2 X, and, for r > 3, they are 
defined recursively as the iteration scheme and iteration map of fr-2', see 
[19, 4.1, p. 36-37] or [20, (4.4), p. 120]. Since / is curvilinear, there is a 
canonical finite, flat, and surjective map u: Xr — > by [20, (5.10)(i), 
p. 128]. Then u^Ox^ is a locally free Ouj-module, so the comorphism 
0\jT u^Oxr- is injective. Hence, is equal to the scheme-theoretic 
image of Xr in H^"^ Xy X. 

It is clear from the definition of Xr that it is equal to the (r — l)st 
iteration scheme of /i. Hence, there is a canonical finite, flat, and sur- 
jective map Xr by [20, (5.10)(i), p. 128]. This map yields a 
second map from X^ to H^~^ Xy X, and its scheme-theoretic image is 
equal to H^-^ It may be checked using the universal property of the 
Hilbert scheme that the two maps from Xj. to H^~"^ Xy X are equal. 
Therefore, and H^"^ are equal too. 

Theorem (4.2) Let f: X ^ Y he a finite map of locally Noetherian 
schemes, and r > 1. Assume that f: X ^ Y is a local complete intersec- 
tion, locally of codimension 1, and curvilinear. Assume that Y satisfies 
Serre's condition (S^+i). Finally, assume that each component of Ng 
has codimension s for s = l,...,r-|-l. Let h: Hilbj Y denote the 
structure map. Then h is finite, locally of flat dimension r, locally of 
codimension r, and Gorenstein. Moreover, h~^Nr+i is a divisor, and 

h4h-^Nr+i] = {r + l)[Nr+i]. 

Similar assertions hold for the structure map hi: Univ^ —>■ X too. 

Proof. First of all, h has finite fibers because / does. Hence, h is 
finite because it is proper. Now, / is locally of flat dimension 1 by 
(2.10). Hence, by (3.5), 

/,[M,+i] = (r + l)[Ar,+i]. (4.2.1) 

The proof proceeds by induction on r. Suppose r = 1. Then h 
is equal to /, and the asserted equation becomes (4.2.1). Now, A^2 is 
nowhere topologically dense in A^i; hence, / is locally of flat dimension 1, 
locally of codimension 1, and Gorenstein, and M2 is a divisor by (3.12). 
However, M2 = f~^N2 essentially by definition. Thus the assertions 
about h hold. Furthermore, Univyr is equal to the diagonal subscheme 
of X Xy X. Hence the assertions about hi hold too when r = 1. 
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Suppose r > 2. Consider the map fy. X2 X and the diagram 

X ^ Univ;^ = Hilb^-^ 
/ 

Y Hilb^ 

in which hi and u are the natural maps and the equahty is that of (4.1). 
Since / is a local complete intersection and is locally of codimension 1 
and since Y satisfies (St.+i), clearly X satisfies (S^). In particular, 
X has no embedded components. So /i is finite, curvilinear, a local 
complete intersection, and locally of codimension 1 by (3.10). Now, 
Nsifi) = Mg+i for s > 1 by (3.9), and / induces a finite, surjective 
map Ms_|_i — > A^s+i by (3.7); hence, A^s(/i) is of pure codimension s for 
s = l,...,r. 

The induction hypothesis therefore applies to /i. Hence, hi is locally 
of fiat dimension r — 1, locally of codimension r — 1, and Gorenstein; 
moreover, h^^Mr+i is a divisor, and 

hi4h^^Mr+i]=r[Mr+i]. 

Since / is locally of fiat dimension 1, locally of codimension 1, and 
Gorenstein, therefore fhi is locally of fiat dimension r, locally of co- 
dimension r, and Gorenstein. (With the residue field of an arbitrary 
point in the image of fhi as first argument, the "change of rings" spectral 
sequence for 'Tor' shows that fhi is locally of fiat dimension at least r.) 

Since fhi is locally of fiat dimension r and locally of codimension r, 
so is h because fhi = hu and because u is fiat and finite. Also because u 
is finite, the dualizing complexes of hu and h are related by the formula, 

u^u!hu = 'Hom{u^Ounwr, Uh). 

Since w*Ouniv^ is locally free and since hu is Gorenstein (being equal 

to fhi), it follows that h is Gorenstein. Finally, since hi^Mr+i IS a 
divisor, so is h~^Nr+i because fhi = hu and because u is fiat and 
finite. Since u is of degree r, 

u4h^^Mr+i] = r[h~^Nr+i]. 

Since = /i*tt*, therefore 

h4h-^Nr+l]=f4Mr+i]. 

Consequently, the asserted equation follows from (4.2.1). Thus, the 
theorem is proved. 
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Theorem (4.3) Under the conditions of (4.2), the Hilbert scheme 
Hilb^ is equal to the blowup B\{Nr, N^^i), and the universal subscheme 
Univj o/Hilb^ XyX is equal to the blowup B\{Mr,Mr+i); that is, 

m\h} = B\{Nr, Nr+i) and Vniv"} = B1(M^, M^+i). 

Proof. First of all, the structure map h: Hilbj — > Y factors through 
a map 

/3:Hilb;^ — >B\(Nr,Nr+i), 

which restricts to an isomorphism off h~^Nj.^i. Indeed, a map g:G ^ Y 
factors through — N^+i if and only if g* f,,Ox is locally free of rank r 
by [30, (*), p. 56]. Hence, h induces an isomorphism, 

(Hilb} -h-'^Nr+l) {Nr - Nr+l). 

Therefore, the ideal of h~^Nr in Hilbj vanishes off h~^Nr+i. So the 
ideal vanishes everywhere because h~^Nr+i is a divisor by (4.2). Con- 
sequently, h factors through N^. Therefore, since h~^Nr+i is a divisor, 
the universal property of the blowup implies that h factors through a 
map as claimed. 

For convenience, set B := Bl{Nr, Nr+i), denote the exceptional divi- 
sor by and set U := B — E. To construct an inverse 7 to /9, it suffices 
to construct a length-r subscheme Z oiXxB/B whose restriction over U 
is equal to X x U. Indeed, such a Z defines a map 7: i? — > Hilbj such 
that /37 is equal to the identity off E and 7/? is equal to the identity off 
h~^Nr+i. Since E and h~^Nj,+i are both divisors and since B and Hilb^ 
are both separated over N^, each composition is equal to the identity 
everywhere. (Indeed, each is equal to the identity on a closed subscheme 
of the source because its target is separated; this subscheme is equal to 
the source because it contains an open subscheme that includes every 
associated point of the source.) 

Let f.U ^ B denote the inclusion, let fs and fu denote the base ex- 
tensions of /, and let £ denote the image of fB*OxxB in i^*ifu*(^xxu)- 
Since S is the image of an /B*CxxS-niap, £ is an /s^CxxS-niodule. 
Hence S is equal to the direct image of the structure sheaf of a sub- 
scheme Z oi X X B/B. This Z has the desired properties, because £ is 
locally free of rank r, as will now be proved. 

The question is local on B. Now, each point of B has a neighbor- 
hood V on which fs^OxxB has a free quotient !F of rank r by (4.7) (3) 
applied to any matrix X presenting fs^OxxB over the local ring R of 
the point and applied with any minor generating the (r -f l)st Fitting 
ideal as Ai. On t/flF, the canonical surjection from fB*OxxB\V to T is 
an isomorphism because the source is locally free of rank r. Hence there 
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is an induced map u: ^ S\V , which is an isomorphism onUnV. Since 
is a divisor, T has no associated point off U. Hence, u is injective on 

all of V. On the other hand, u is surjective because S is a, quotient of 

fB*OxxB- Thus S is locally free, and the first assertion is proved. 
The second assertion follows from the first applied to /i : X2 X 

because of (4.1) and because /i satisfies the corresponding hypotheses; 

the claim about /i was established in the proof of (4.2). 

Theorem (4.4) Under the conditions of (4.2), the structure map 
h: Hilbj — > is finite and hirational, its conductor is equal to the ideal 
Jr of Nr+i in Nr, and reciprocally, /i*CHiib^ is equal to 7iom(i7r, Ojv^). 

Moreover, is locally a self-linked ideal ofOj^^; in fact, locally there 
exist sections t of Jr such that JrO}i\\\^r is equal to tOniib^. ; o,nd = 
itON^) '■ Jr for any such t. Furthermore, if r > 2, then similar asser- 
tions hold for the structure map hi : Univ^' — >• Mr . 

Proof. First of all, the assertions about hi follow formally from those 
about h; see the third paragraph of the proof of (4.2). Now, h is finite and 
birational by (4.2) and (4.3), and h~^Jr is invertible by (4.2). Hence, 
locally, h~^Jr is generated by a single section of Jr- The remaining three 
assertions are local on F; so we may assume that Y is the spectrum of 
a local ring R. 

By using the standard device of making a suitable (faithfully) fiat 
change of base, we may assume that R has an infinite residue class field; 
namely, we may, clearly, replace R by the fiat local i2-algebra obtained by 
forming the polynomial ring in one variable over R and localizing it at the 
extension of the maximal ideal of R. Then f*Ox can be presented by a 
square matrix X that satisfies the hypotheses of (5.9) below; indeed, the 
condition on grade /^(X) follows from the hypotheses, and the condition 
/^(X) = /i(Xi) follows by the reasoning in the first two paragraphs of 
the proof of (3.6). Hence (5.9) implies that, in the local ring A of Nr, 
there are an A-regular element A and an ideal / containing A such that 
IJ — A J and J — (A) : / where J is the ideal in A of A^r+i- Hence, (4.5) 
will yield the remaining three assertions after we prove that the Hilbert 
scheme Hilbj and the two blowups Bl(/) and B1(J) are all equal. 

The isomorphism 7 in the proof of (4.3) clearly factors as follows: 

7: Bl( J) ^ Bl(/) Hilb;^ 

where rj is the map given by (4.5) (5) and 6 is given by a construction 
similar to that of 7, but based on the fact that / is generated by ele- 
ments of the form given in (5.9). The composition r]^~^9 is equal to the 
identity off the exceptional divisor of Bl(/); so it is equal to the identity 
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everywhere, because Bl(/) is separated over A^^. Therefore, the maps rj 
and 6 are isomorphisms, and the proof is complete. 

Lemma (4.5) Let A be a ring, A an A-regular element, I an ideal 
containing A, and J an ideal containing I. Let K he the total quotient 
ring of A. Set B := A [^] and C := {x e K\xB C A}. 

(1) IfJ = (A) : /, then C CJ. 

(2) IflJ = AJ, then JB = J and J C C. 

(3) If IJ — AJ and if JB is invertihle, then B = {x & K\xJ C J}. 
If in addition J = (A) : /, then B = {x E K\xJ C A}. 

(4) If IJ = AJ and if J is finitely generated, then Spec(S) = Bl(/). 

(5) If IJ = AJ, then there is an A-map rj:'B\{J) — > Bl(/). 

(6) If J = C and if J = tB for some t, then t is an A-regular element 
of A, and J = tA : J. 

Proof. (1) Let x E C. Then x = x-1, so x E A. Moreover, x{^) C A, 
so xl C AA. Hence x e (A) : /, but (A) : / = J. 

(2) By hypothesis, I J = AJ. So J(^) = J. Hence, J(f )" = J for 
any n> 1. Therefore, JB = J. Consequently, J G C. 

(3) Let X E K, and suppose xJ C J. Then xJB C JB. Hence x E B 
because JB is invertible. Conversely, if a; e 5, then xJ C J hy (2). 

Let y E K, and suppose yJ C A. Then yJB C A by (2). So yJ C C 
by definition of C. If in addition J ~ (A) : /, then yJ C J by (1), and 
so y G -B by the preceding paragraph. 

(4) First, consider any local A-algebra D such that ID is invertible. 
Say ID = dD and A = ed. Then IJD = AJD. So JD = eJD because 
d is regular on D. Hence e is a unit by Nakayama's lemma because J is 
finitely generated. Hence ID = AD. Therefore, the map A ^ D factors 
through B. 

Obviously, Spec(i?) is a principal open subscheme of Bl(/). Let x E 
Bl(/) and set D := O^- By the preceding observation, there is an ^-map 
from Spec(D) to Spec(S). This map agrees with the canonical map of 
Spec(il>) into Bl(/) because Bl(/) is separated and the two maps agree 
off the closed subscheme V{ID), which is a divisor. Hence, x E Spec(i?). 

(5) Since I J — AJ and since JCbi( j) is invertible, /Cbi(j) is generated 
by A. Moreover, A is regular on Obi{j) because it is regular on the 
complement of the exceptional divisor. Thus /Obi( j) is invertible. Hence 
the asserted map i] exists. 

(6) Since t E J, also t E A. Since A = bt for some b E B and since A 
is A-regular, so is t. Now, J^ = Jt because J = tB; hence, J <Z tA : J . 
Finally, suppose x E tA : J. Then xtB C At. Hence x E C, but C = J. 
Thus J D tA : J, and the proof is complete. 
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Lemma (4.6) Let R be a ring, and yi an m by n matrix. Fix p > 1, 
and set A := i2//p+i(X) and J := Ip(X.)A where /q(X) denotes the 
ideal of q by q minors. Denote the image in J of the minor o/X formed 

using rows ii, . . . ,ip and columns ki, . . . ,kp by df. 

(1) Let Hi denote the ith row ofX.. Then, for any i and k, 

where iij is the sequence ii, . . . , ip, i without its jth element. 

(2) (Sylvester's relation) Then dfdj = d^d\ for any i, }, k, and 1. 

Proof. We may assume that X is a matrix of indeterminates and that 
R is obtained by adjoining them to the integers. Then A is a domain. 

To prove (1), form a p + 1 by n matrix Y using rows R^^, . . . , Ri^, 
Hi. For each k, form ap+l byp+l matrix Y^'^) by taking out of Y 
columns ki,...,kp and column k. Finally, expand the determinant of 
Y*^'^^ along the last column to get the asserted equation. 

To prove (2), denote the p by n submatrix of X consisting of rows 
ii, . . . ,ip by Xi. Set d := dy Then, (1) implies that there is a p by p 
matrix M such that dXi = MXj; here M depends on i, j and 1, but not 
on k. Hence, 

dPdfd] = \M\d^d] = dPdfd\. 

Since d^ and A is a domain, the assertion follows. 

Lemma (4.7) Preserve the conditions o/(4.6). Let k range over all 
sequences 1 < ki < . . . < kp < n. Given elements of A, set 

A. -E. 

Let I be the ideal generated by the various Ai. 

(1) Let X} be the submatrix o/X consisting of columns li,...,lp. 
Thend\l= A^Ip{X^). 

(2) Let Xj be the submatrix ofX. consisting of rows ji, . . . , jp. Then 
Ai/p(Xj) C AjJ. Furthermore, if J = /p(Xj)A, then IJ = AjJ. 

(3) Suppose that Ai is regular on A and generates I. Then every row 
of X is a linear combination of rows ii, . . . ,ip modulo /p_|_i(X). 

Proof. Sylvester's relation (4.6) (2) yields 

A,d] = Ajd|. (4.7.1) 

Varying i in (4.7.1) yields (1). On the other hand, varying 1 in (4.7.1) 
yields Ai/p(Xj) C Aj J. If /p(Xj)^ = J, then IJ C Aj J; hence, IJ = 
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AjJ because Aj e /. Thus (2) holds. FinaUy, (4.6) (1) yields 

By hypothesis, Ai is regular on A and divides each Au^. Hence (3) 
holds. 

5. Strongly perfect ideals 

Definition (5.1) Let S be a Noetherian ring, A a factor ring of B, 
and / an yl-ideal of grade g such that grade^ A/ 1 = s. Call / strongly 
perfect over B if there exists a generating set /i, ...,/„ of / such that, 
for < i < n " (7, the Koszul homology modules Hi{fi, . . . , fn, A) are 
perfect S-modules of grade s. 

Remark (5.2) The notion of strong perfection generalizes Huneke's 
notion of strong Cohen-Macaulayness [16, p. 739]. Indeed, let / be an 
ideal of a local Cohen-Macaulay ring A, and write A as a factor ring of 
a regular local ring B. Then / is strongly perfect over B if and only if 
/ is strongly Cohen-Macaulay. 

Some general results about strong perfection will now be proved. The 
corresponding results about strong Cohen-Macaulayness were proved by 
Huneke in [15] and [16]. 

Lemma (5.3) Let B be a Noetherian ring, A a factor ring of B, 
and I an A-ideal. Set s := grade^ A/I Let /i, . . . ,/„ be an arbitrary 

generating set of I. 

(1) The ideal I is strongly perfect over B if and only if, for every i, 
the flM dimension over B of Hi{fi, . . . , A) is at most s. 

(2) If I is strongly perfect over B, then the condition in (5.1) is sat- 
isfied for fi, fn- 

Proof. To prove (1), recall that IHi{fi, ...,/„; A) =0 for all i and 
that IIi{fi, . . . ,fniA) ^ if and only ii ^ < i < n — g where g := 
grade /. Hence, / is strongly perfect if the flat dimension of all the Koszul 
homology is at most s. Moreover, the converse holds if the condition 
in (5.1) is satisfied for /i, . . . , f^; so the full converse follows from (2). 

To prove (2), it suffices to compare a generating set /i, . . . , with 
one of the form /i, . . . , /„, /. However, there is a natural isomorphism, 

Hi{f,,...,fr^,f■,A) = H,{f^,...,fn■,A)(BHi_^{f^,...,fr,■,A), 

and the assertion follows from the portion of (1) already proved. 
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Lemma (5.4) Let B be a Noetherian ring, A a factor ring of B, and 
I an A-ideal. Let /i, . . . , /n be a generating set of I. 

(1) Let Ai, . . . , be an A-regular sequence contained in I , and let 
' indicate the image in A' := A/(Ai, . . . , A^). Then I' is strongly 
perfect over B if and only if I is so. 

(2) Let ai, . . . ,ar be a sequence of elements in B that is regular on B, 
on A, and on A/ 1. Set B := B/{ai, . . . , ar)B and A := A/{ai, . . . , ar)A. 
Let indicate the image in B and in A. If L strongly perfect over B, 
then there are natural isomorphisms, 

Hi{fi,...Jn,A) = Hi{fi,...Jri;A) ®A A 

and I is strongly perfect over B. 

Proof. To prove (1), we may assume that m = 1. Set A := Ai. 
Because AHj{fi, ...,/„; ^) vanishes, the exact sequence, 

— >A^A — >A' — ^0, 
induces exact sequences 

O^H,{f^,...,fr^■,A)^Hi{f[,...,f^■,A')^H,_^{f^,...,fr^■,A)^0. 

The assertion now follows by induction on i from Lemma (5.3) (1). 

To prove (2), we may assume that r = 1. Set s := grade^ A//. Let 
p be an associated prime of the S-module Hi{fi, ...,/„; A). Since / is 
strongly perfect over B, it follows that depth Sp = s; hence, since p is in 
the support of A//, it follows that p is associated to A//; for both these 
conclusions, see [4, (16.17), p. 209] for example. Set a := ai. Then, 
therefore, a is regular on Hi{fi, . . . , f^, A). Now, the exact sequence, 

— >A^A — >A — >0, 

induces exact sequences, 

O^H,{f,,...,fn;A)^H,{fi,...,fn;A)^H,if,,...J^;A)^0. 

Hence, they yield the asserted natural isomorphisms. Furthermore, / is 
strongly perfect over B because grade -g A// > s. 

Proposition (5.5) Let B be a Noetherian ring, A a factor ring of 
B, and I an A-ideal that is strongly perfect over B. Let Ai, . . . , A^ be 
an A-regular sequence contained in I, and let ai, . . . ,ar be a sequence of 
elements in B that is regular on B, on A, and on A/ 1. Let denote 
images in A := A/ (ai, . . . , ar)A, and assume that Ai, . . . , A^ form an 
A-regular sequence. Then, in A, 

(Ai,...,A^) : 7 = (Ai,...,A^) :/. 
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Proof. It suffices to verify the asserted equality locally at every as- 
sociated prime ideal of the ideal on the right; so we may assume that 
all the rings in question are local. Then, since ai, . . . , a^., Ai, . . . , 
form an A-regular sequence, Ai, . . . , A^, ai, . . . , a^- do as well, and hence 
the sequence ai, . . . , a,, is regular on Aj (Ai, . . . , A^,)- Hence, using 
Lemma (5.4) (1), we may reduce to the case m = 0. Now, let /i, . . . , 
be a generating set of / with n > 1. It follows from the definition of the 
Koszul complex that there are natural identifications, 

0:7 = . . . , Z^; A) and : 7 = H^Q . . . A). 

Hence the assertion follows from the first assertion of Lemma (5.4) (2). 

Lemma (5.6) Let B he a Noetherian ring, A a factor ring of B, and 
I an A-ideal that is strongly perfect over B with grade^ A// = s. Set 
J = : I. Assume that I + J ^ A, that grade(/ + J) > 1, and that 
grade^ A/ {I + J) > s + 1. Finally, let '~' denote images in A := A/ J. 
Then I is a strongly perfect over B with grade^ A/ 1 = s + 1. 

Proof. Obviously, J 7^ 0. Hence grade/ = because J = : /. 
Therefore, / fl J = because grade(/ + J) > 1. Let /i, . . . , /n be a 
generating set of /. Then, by [16, 1.4, p. 744], for each z, there is an 
exact sequence, 

O^0J^if,(/i,...,/^;A)-^if,(7i,...,7^;A)^O, 

where the first term is a direct sum of copies of J. Now, J = : /; so 
J = Hnifi, . . . , fn;A). And, the i/i(/i, . . . , Z^; A) have fiat dimension 
at most s by (5.3) (1). Hence the Hi{fi, . . . , A) have fiat dimension 
at most s + 1. Hence (5.3) (1) yields the assertion. 

Proposition (5.7) Let R be a Noetherian ring. Let X. be a p + 1 by 
n matrix of variables with n > p + 1 > 2, letY be the p + 1 by p matrix 
consisting of the first p columns of X, and set 

B:=R[X\, A:=S//p+i(X), I :^ Ip{Y)A 

where /p+i(X) and /p(Y) are the ideals of minors of the indicated sizes. 
Then I is an A-ideal of grade 1 that is strongly perfect over B. 

Proof. Induct on n. Suppose n — p + 1. Then / = /p(Y)//p_|_i(X) 
where /p_|_i(X) is generated by a single S-regular element. On the other 
hand, Avramov and Herzog [1, (2.1)(a), p. 252] proved that /p(Y) is a 
strongly perfect S-ideal of grade 2. Hence, (5.4) (1) implies that / is an 
^-ideal of grade 1 that is strongly perfect over B. 
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Suppose n > p + 2 and that the assertion holds for n — 1. Let X' be 
the matrix consisting of the first n — 1 columns of X, set 

A' := B/Ip+i{X')B, I' := /p(Y)A', J' := /p+i(X)A', 

and let A' e A' be the image of the p + 1 by p + 1 minor of X made 
of columns 1, . . . ,p,n. Then /' is an A'-ideal of grade 1 that is strongly 
perfect over B by induction, because the properties in question are stable 
under the flat base extension from -R[X'] to B. Since, moreover, A' is a 
perfect 5-module of grade n—p — 1, it follows (from [4, (16.18), p. 209] 
for example) that 

s := grade^ A' /I' = grade^ A' + grade^/ 1' — n — p. 

First, we show that A' is ^'-regular. To this end, let q' be an asso- 
ciated prime of A' , and let q be the trace of q' in R. Since A' is i?-flat 
and A'/qA' is a domain by [4, (2.10), p. 14], it follows that q' = c^A' . 
Therefore, A' ^ q'. 

Next, we verify that grade^ A' /{I' + J') > s + 1 and grade/' + J' > 2. 
Suppose that the grade of /p(Y)-|-/p-(.i(X) were equal to that of /p-|-i(X), 
which is n — p. Since the grade of an ideal is the minimum of depth Sq 
as q ranges over all primes containing the ideal, there would be some q 
containing /p(Y)-|-/p_|_i(X) with depth Sq = n—p. Since q also contains 
/p_i_i(X), and that ideal is perfect of grade n — p, it follows that q would 
be an associated prime of /p+i(X). However, an argument like the one 
above shows that the S-ideal /p(Y) is not contained in any associated 
prime of the S- ideal /p+i(X). Thus 

gradc(/p(Y) + /p+i(X)) > grade/p+i(X) = n - p. 

Therefore, grade^ A' / (/' + J') >n — p+l = s + l. Furthermore, since 
A' is perfect over B of grade n—p—1, it follows (from [4, (16.18), p. 209] 
for example) that 

grade/' + J' > grade^ A'/{r + J') - grade^ A' > 2. 

We also have I'J' C (A'); see [16, proof of 4.1, p. 754]. Indeed, let 
di, . . . , dp^i denote the maximal minors of Y, with alternating signs. 
Then in A' /{A'), 

{di,...,dp+i)X = 0, 

and hence /p_)_i(X) annihilates each of the di in A' /{A'). Therefore, 
J' C (A') : and equality will hold if it holds locally at every associated 
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prime p of the 5-module A' / J' . However, since A' / J' is a perfect B- 
module, depth Bp is equal to grade ^7 J' (by [4, (16.17), p. 209] for 
example). Hence /p = A'^ because 

grade ^7 J' < grade ^7(7' + J'). 

Therefore, J' — (A') : /' holds locally at p, so globally. 

Note that /=(/' + J') /J' a A = A' /J'. Factoring out (A') and 
using (5.4)(1) and (5.6), we now conclude that / is strongly perfect over 
B with 

grade^ A/I = s + l = n — p+1. 

But then, by [4, (16.18), p. 209] for example, 

grade / = grade^ ^/I — grade^ A = 1. 

Lemma (5.8) Let B be a Noetherian ring, A a factor ring of B, and 
I an A-ideal of grade 1 that is strongly perfect over B. Assume that A 
is perfect over B, and let J be a proper A-ideal such that J = I. Then 
J is an A-ideal of grade 1 that is strongly perfect over B. 

Proof. Set s := grade^ A/ 1. Since A and A/ 1 are perfect S- modules 
with grade / = 1, it follows (from [4, (16.18), p. 209] for example) that 
grade^ A = s— 1; hence grade^ A/ J > s. Furthermore, al = bJ for some 
nonzero divisors a and b in A. Say / = (/i, . . . , /„) and J = {hi, . . . , hn) 
with afj — bhj. 

Let Bi and Zi denote the modules of boundaries and cycles in the 
Koszul complex (/C,, 5,). For every i, there is a commutative diagram 

K,{fi, ...,fn;A) ^^^^^'-'^"^ ^ i^»-i(/i, ...Jn;A) 

Mo 

Ki{afi, . . . , afn, A) ^'^"'^'''"'"•^"^ /Cj_i(a/i, . . . , afn, A) 

where iia denotes multiplication by a. Since fj,a is injective, this diagram 
yields an identification, 

Ziifi,...,fn;A) = Zi{afi,...,afn;A). 

Hence, the Isomorphism Theorem yields a natural isomorphism, 

5i-i(/i,---,/n;-4) = Si_i(a/i,...,a/n;A). 

Thus there are natural isomorphisms (compare [15, 1.10 pf., p. 1050]): 

Ziifi, ...,fn;A) = Zi{afi, afn, A) 

= Zi{bhi, bhn. A) = Zi{hi, ...,hn;A). 
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Likewise, . . . , /„; A) = Bi{hi, . . . , hn, A). 

The 5-module A has flat dimension s — 1 because it is perfect of 
grade s — 1. The S-module Hi{fi,...,fn;A) has flat dimension at 
most s by (5.3)(1). It follows by induction on i that Zi{fi, . . . , A) and 
Bi{fi, . . . , fn, A) have flat dimension at most s — 1 because their quotient 
is Hi{f I,..., fn, A) and because Zj(/i, . . . , A) is a first syzygy mod- 
ule of Bi_i{fi, . . .,fn;A). Therefore, the above isomorphisms yield that 
Hi{hi, . . . , hn', A) has flat dimension at most s. But s < grade^A/J. 
Hence J is strongly perfect over B by (5.3)(1), and the proof is complete. 

Theorem (5.9) Let R be a Noetherian ring. Let ^ be an m by n 

matrix with n > m > 2 and with entries in R. For 1 < i < m, let 
denote the submatrix of~K. consisting of the last i rows. Fix p > 1, and 
assume that the ideals of minors satisfy these conditions: 

grade /i(X) = n — i + 1 and /^(X) = /^(Xj) for i = p,p+ 1. 

Set A := i2/7p+i(X) and J := Ip{X.)A. Denote the image in J of the 
minor of X with rows ii < . . . < ip and columns ki < . . . < kp by ■ 

(1) Let p be the sequence m — p + 1, . . . , m. Then there exists an 
A-regular element A of the form A = J2u a^d^. 

(2) Given an A-regular element A as in (1), set Ai := "^i^^a^di and 
let I be the subideal of J generated by the various Ai. Then IJ = A J 
and J = (A) : /. 

Proof. Obviously, A = i?//p_|_i(Xp_|_i). Since /p_|_i(Xp_|_i) has generic 
grade, ^ is a perfect i?- module; so A is grade unmixed (by [4, (16.17), 
p. 209] for example). Moreover, grade /p(Xp) > grade /p+i(X). There- 
fore, (1) holds. 

Consider (2). Obviously, (4.7) (2) yields IJ = A J. So J C (A) : /. 
To prove the opposite inclusion, we may replace X by Xp+i. Indeed, A 
and J are obviously unchanged. Let /' be the ideal generated by the Ai 
with m — p < ii, and suppose J ^ (A) : Now, (A) : I' D (A) : / 
since /' C /. Hence J = (A) : /. Thus we may assume p = m — 1. 

Since J C (A) : /, equality will hold if it holds locally at every asso- 
ciated prime q of J. Therefore, localizing at q, we may assume that R 
is local with (A), /, and J contained in the maximal ideal of A. 

The equation J = (A) : / will now be proved in the "generic" case and 
then specialized. Let m be the maximal ideal of R, let X be an m by n 
matrix of indeterminates over R, and let B denote the localization of 
the polynomial ring -R[X] at the ideal (m, X — X). Let '~' indicate the 
corresponding objects defined using 5 and X instead of R and X, except 
for J, which will now denote Ip(X.p)A. Let a be the 5-regular sequence 



38 



S. Kleiman, J. Lipman, and B. Ulrich alg-geom/9412010 



consisting of the mn entries of the difference matrix X — X. Then A /{a) 
is equal to A. Furthermore^ since ^ is a perfect^S-module and since 
grade^ A is equal to grade- A, it follows that a is A-regular. Hence a, A 

is ^-regular, and so A, a is A-regular. In particular, A is ^-regular. 

Obviously, (4.7) (2) yields 7j C (A). Hence, J C (A) : /, and equality 
will hold if it holds locally at every associated prime q of J. The trace q 
of q is an associated prime of R, and q/ ( J+qA) is an associated prime of 
A/(J + qA); indeed. A/ J is equal to B/Ip(X.p) because /p(Xp) contains 
/p_i_i(X) 8iS m — p + 1, and B/Ip{'X.p) is (well-known to be) flat over R. 
Now, A/{J + qA) is a domain because it is equal to B/(Ip{'X.p) + qB) 
and the latter is a domain because i?/q is a domain by [4, (2.10), p. 14]. 
Therefore, q = J + qA. 

Suppose / C q. Then Aj G q for every i. Take i to be the sequence 
1, . . . ,p, and pass momentarily modulo the ideal generated by the last 
row of X. Then J vanishes, whence q is equal to qA. Hence, since 
the are the coefficients in the definition of Ai, they must lie in q. 
Returning to the previous setup, conclude that A G qA. Now, A/qA is 
equal to S/(/p_|_i(X) + qS), which is a domain. So qA is a prime. So 
it is an associated prime because q is. Hence A is a zerodivisor on A, 
contrary to the conclusion drawn above. Now, / ^ q; so (A) : / = (A) 
locally at q. However, (A) C J. Thus J = (A) : I. 

To prove that this equation specializes,_we first prove that the ideal / 
has grade 1 and is strongly perfect over B. Now, (4.7) (1) yields 

47= Ap/p(Xi)I 

for any L This equation yields ^n isomorphism of ^-modules between / 
and Ip{'X.^)A because and Ap are regular on A. Furthermore, (5.7) 

implies that /p(X')A is either the unit ideal or else an A-ideal of grade 1 
that is strongly perfect over B. Hence, (5.8) yields that / is an yl-ideal 
of grade 1 that is strongly perfect over B. 

Finally, grade- A// < grade^A// because / has grade 1; hence, be- 
cause A/ 1 is perfect, a is regular on A/ 1. Proposition (5.5) now implies 
that the equation J — (A) : / specializes to J = (A) : /. Thus (2) is 
proved. 

Remark (5.10) If we assume in Theorem (5.9) that grade((ip) = 1 
for some k, then in (2) we can take A — and / = Ip{X.^)A where 
X*^ is the m by p submatrix of X consisting of columns ki < . . . < kp. 
Moreover, the proof becomes slightly shorter. 
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Remark (5.11) Lemmas (5.4) (1) and (5.8) yield answers to some 
unpublished questions asked by Avramov and Huneke. Let S be a 
Noetherian ring, and A a factor ring that is a perfect fi-module. The 
lemmas imply that, given two A-ideals in the same even linkage class, 
one ideal is strongly perfect over B if and only if the other is too; in 
particular, every 5-ideal in the linkage class of a complete intersection 
is strongly perfect over B. Huneke [15, Thm. 1.11, p. 1051] proved the 
corresponding result for strongly Cohen-Macaulay ideals in a Gorenstein 
local ring. 

To prove the general case, obviously it suffices to prove the following 
assertion. Let be a proper ^-ideal, let xi, . . . , Xm and yi, . . . ,ym be 
^-regular sequences contained in K, and set 

/ := (xi, . . . , x^) : K and J := (yi, . . . , ym) ■ K. 

Then / is the unit ideal or is strongly perfect over B if and only if J is 
one or the other. 

Induct on m. If m = 0, then I = J and the assertion is trivial. 
Suppose m = 1. If / = A, then K = (x), and so (x^) : K = (x). 
Now, (x) is a proper ideal; moreover, it is strongly perfect because A is 
perfect. Hence, we may replace x hy x^, and so assume that / is proper. 
Similarly, we may assume that J is proper. Now, in the total quotient 
ring of A, consider the fractional ideal xK~^. It lies in A because x E K. 
Hence xK~^ — {x) : K. Similarly, yK~^ — (y) : K. Therefore, / and J 
are isomorphic. Consequently, the assertion follows from (5.8). 

Suppose m > 1. Then we can modify yi modulo |/2, • • • , 2/m so that 
xi, . . . , Xm-i, yi form a yl- regular sequence and yi is still ^-regular (see 
[15, proofofTheoreml.il, p. 1051]). Set 

L := (cci, . . . , Xm-i, yi) ■ K, A := A/ (xi), and A' := A/ (yi), 

and let indicate the image in A and ' " that in A'. Then / is the 
unit ideal or is strongly perfect over B if and only if / is so by (5.4) (1), 
if and only if L is so by the induction hypothesis, if and only if L' is so 
by (5.4) (1) applied twice. Now, L' is so if and only if J' is so by the 
induction hypothesis because the ideals {xi, . . . , Xj^-i) and (1/2, • • • , Vm) 
are still generated by A'-regular sequences of length m — 1 although the 
given generators need not form ^'-regular sequences. Finally, J' is so 
if and only if J is so, by (5.4) (1) again. Thus / is the unit ideal or is 
strongly perfect over B if and only if J is so, as asserted. 

It follows that certain powers of certain ideals I of B have finite pro- 
jective dimension; more precisely, if / has grade m and is in the linkage 
class of a complete intersection, then /* has projective dimension at 
most m -h ^ — 2 in the range 1 <i < k provided that, for every prime p 
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containing / with depth Rp < m + k — 2, the number of generators of Ip 
is at most depth i?p. Indeed, given a generating set /i, . . . , of /, set 

Hj := ...Jn;B) and 5, := Sym^.(i?-). 

Consider the component Aii of degree i of the 'approximation complex' 
of Simis and Vasconcelos [33, p. 351]: 

Mi:O^Hi®So^...^Hj(^ Si-j ...^ Ho^Si^O. 

These component compexes are acychc in the range < z < A; — 1 by the 
acyclicity lemma because the i?-modules Hj are either zero or perfect 
of grade m and because of the assumption on the number of generators 
of each /p; see the proof of Theorem 4.2 in [33, p. 353]. Hence, by the 
proof of Theorem 4.6 in Herzog, Simis, and Vasconcelos [14, p. 105], 

Ho(Mi) = r/r+^ for < z < /c - 1. 

Hence, P/P'^^ has projective dimension at most m + zforO<z<A; — 1 
again because the Hj are either zero or perfect of grade m. Therefore, 
7*+^ has projective dimension at most m + z — lforO<z<A; — 1, as 
asserted. 
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